We show how to implement quantum transport, generate entangled state and achieve spatial entanglement distribution via topological Thouless pumping in one-dimensional disordered lattices. We introduce the on-site disorders to suppress the high-order resonant tunneling (which cause wavepacket dispersion) and realize dispersionless Thouless pumping. The interplay between the on-site disorders and the band topology enables robust unidirectional transport. We also demonstrate how to prepare spatially entangled two-particle NOON state via Hong-Ou-Mandel interference assisted by the Thouless pumping. The quantum entanglement can be well preserved during the distribution between spatially separated sites. Our system paves a way to wide applications of topology in quantum information process.
I. INTRODUCTION
Topological quantum pumping, a transport phenomenon utilizing topological properties of a modulated system, has attracted intensive attention in recent years. There are two typical kinds of topological pumping, adiabatic pumping via topological edge modes [1] [2] [3] [4] [5] [6] [7] [8] and Thouless pumping via topological bulk bands [9] . In the adiabatic pumping, the edge state at one side will be adiabatically coupled to bulk states and then transferred to edge state at the other side [1] [2] [3] [4] [5] [6] . Unlike nonquantized adiabatic pumping via edge channel, the Thouless pumping is a quantized transport directly connected to the topological invariants of bulk bands, Chern numbers, which guarantee robust protection against perturbations [10] . To date, the Thouless pumping has been experimentally demonstrated via cold atoms in modulated optical lattices [11, 12] , and can be employed to explore topological phases [9, [13] [14] [15] [16] [17] [18] . It is interesting to apply topological pumping in quantum information.
Quantum entanglement plays a pivotal role in quantum information process, quantum communication and quantum metrology [19] [20] [21] . Topological protected entangled NOON state and its transport via edge states have been reported [22] [23] [24] . By using the adiabatic pumping via edge channels, the well-known Hong-Ou-Mandel (HOM) interference [25] of photon pair has been observed, and spatial entangled states have been generated [6] . However, the adiabatic pumping needs to be extremely slow for long-distance transport where the gap between edge channel and the bulk band are extremely small. Furthermore, the adiabatic pumping is only robust to the * Email: lichaoh2@mail.sysu.edu.cn disorder preserving some specific symmetries [4, 5, 7] . Recently, entanglement generation and robust transport are proposed via Thouless pumping of interacting bosons in a complex ring-lead system [26] , which is difficult to realize in the state-of-art experiments. However, the conventional Thouless pumping of noninteracting particles always has wave-packet dispersion due to the highorder tunneling, which hinders the transport of Fock states [15, 17, 27] . It is desirable to achieve robust quantum transport, entanglement generation, and distribution via Thouless pumping in a simple and realistic system.
In this paper, we propose how to achieve unidirectional transport, entanglement generation and entanglement distribution via the Thouless pumping in one dimensional modulated lattices with deliberately introduced on-site disorders. On one hand, the Thouless pumping is robust against modest on-site disorders less than the energy gap, that is, the quantization of centre-of-mass (COM) shift during one pumping cycle is preserved. On the other hand, the on-site disorders supress the high-order resonant tunneling and support dispersionless transport. Both the uniformly distributed and normally distributed on-site disorders work well in the topological transport. We not only propose how to realize topological transport of Fock states via the Thouless pumping of noninteracting particles, but also demonstrate the generation of spatial NOON state and entanglement distribution by combining the Thouless pumping and Hong-Ou-Mandel (HOM) interference. Two distant and disentangled particles in different bands are first shifted to a unit cell via Thouless pumping, and turn into a spatial NOON state by a sudden quench following adiabatic pumping. At last the NOON state are distributed in long distance via Thouless pumping again. Compared with Ref. [6] , the modest on-site disorders benefit the realization of entangled state and its distribution instead of a obstacle. Moreover, the long-distance transport is more accessible since the adiabatic condition is easier to be satisfied. This paper is organized as follows. In Sec. II, we introduce our model, a noninteracting tight-binding Rice-Mele model. In Sec. III, we study how to transport Fock state via disordered bulk channel. In Sec. IV, we illustrate the HOM interference and topological spatial entanglement distribution. We also investigate their robustness against on-site disorders. In Sec. V, we give a summary and discussion of our results. As in the previous Thouless pumping experiments [11, 12] , we consider the noninteracting tight-binding Rice-Mele model [28] 
II. RICE-MELE MODEL
with L cells (the total sites is 2L). Here,ĉ † j (ĉ j ) is bosonic creation (annihilation) operator for the j th site. J 1 = J + δ 0 sin φ (J 2 = J − δ 0 sin φ) denotes the intra (inter)cell tunnelling amplitude, and ∆ = ∆ 0 cos φ is a staggered on-site energy offset, as shown in Fig. 1 (a) . The time-dependent phase φ(t) is adiabatically swept according to φ(t) = ωt + φ 0 with ramping speed ω and initial modulated phase φ 0 . The pumping period is T P = 2π/ω. In the following, we set J = 1 and the other parameters ∆ 0 , δ 0 , and ω are given in units of J. We can derive the Hamiltonian H(k, t) in the quasi-momentum space by a Fourier transformation. Solving the eigenproblem H(k, t)|ψ n (k, t) = E k,n (t)|ψ n (k, t) , we can obtain the energy band structure in the (k − t) space, as shown in Fig. 1 (b) . The band gap is defined as
where E 1 (E 2 ) is the energy of the lower (upper) band. The gap never closes during the whole pumping process, provided that δ 0 and ∆ 0 are nonzero. The topological features of Thouless pumping can be characterized by the Chern number,
which is defined within the k − t Brillouin zone
Here, F n (k, t) = i( ∂ t u n |∂ k u n − ∂ k u n |∂ t u n ) is the Berry curvature and d is the length of unit cell. |u n (k, t) =
is the periodic part of the Bloch state |ψ n (k, t) . Based on the single-particle polarization theory [29, 30] , the Chern number is connected to the shift of a single-particle Wannier state [31] , which is given as
where R is the cell index, n denotes the band index, and the ket subscript is a particle label. The generalization for non-interacting particles is straightforward. Without loss of generality, we consider two noninteracting bosons and the Wannier state is written as
It is convenient to take the unique maximally localized Wannier states (MLWSs) [32, 33] . For a given Wannier state |W n,n ′ (R, R ′ ) , the COM shift of the wave-packet in one pumping cycle is [29, 30] 
where X (t) = W n,n ′ (R, R ′ , t)|X|W n,n ′ (R, R ′ , t) is the COM position at the time t and |W n,n ′ (R, R ′ , t) is the instantaneous Wannier state. The position operator is defined asX = N −1 2L j=1 jn j withn j =ĉ † jĉ j and N is the total particle number. With this definition, we have d = 2.
III. TOPOLOGICAL QUANTUM TRANSPORT
First, we discuss the topological transport of twoparticle Fock state via disordered bulk channel. At t = 0 (∆ = ∆ 0 , J 1 = J 2 = J, φ 0 = 0), the on-site energy offset is the largest and the MLWS of the lower (upper) band localized in l th cell is residing only on the right (left) site. For simplicity, we take the following denotation We begin with a two-particle Wannier state
a Fock state with two particles in a site, and it fills the upper band.
We now evolve the system under the time-dependent Hamiltonian. The transport is governed by the Chern number of the upper band (ν 2 = +1). In Fig. 2(a) , we plot the density n j as a function of evolution time t. The two-particle Fock state is initially at the site 2l −1 = 7 of an array with total size 2L = 18. The parameters of the Hamiltonian are ∆ 0 = 20J, δ 0 = J, ω = 0.08J, and φ 0 = 0. The topological feature of the pumping is robust against the dispersion and the COM shift ∆P/d shows a clear step motion with ν 2 = +1 [ Fig. 2 (d) ]. However, due to the high-order resonant tunneling, each individual particle will be transported to several sites with the same potential during the pumping process. The final state is dispersed and no longer a Fock state localized at certain sites [ Fig. 2 (a) ]. To explore the correlation feature, we calculate the two-particle correlation
and the maximal value of diagonal correlation
For the initial two-particle Fock state |2l − 1, 2l − 1 , the maximum of diagonal correlation is Γ max = 2. It decreases dramatically during the Thouless pumping and tends to 0 at the end of a pumping cycle [ Fig. 2 (g) ].
To suppress the dispersion caused by the high-order resonant tunneling, we separately consider two different kinds of on-site disorder, i.e., the uniformly distributed disorder and normally distributed disorder. The uniformly distributed disorder is defined aŝ
where r j ∈ [−1, 1] is a uniformly distributed random number for each site and η is the disorder amplitude. While the normally distributed disorder is defined aŝ
where r µ,σ j is a random number from the normally distribution with mean parameter µ and standard variance σ. In Fig. 2(b) , we plot the density n j with uniformly distributed disorder and the amplitude η = 4J. The disordered strength is large enough that the effective high-order tunneling becomes off-resonant and can be neglected, and it is small enough that the energy band gap maintains open in the whole pumping process. In contrast to the ordered case, there is a step-like motion in the evolution of density distribution. The final density is localized in the 9th site, corresponding to a transport of a unit cell length (ν 2 = +1). The quantized COM shift ∆P/d still have a clear step-like motion under on-site disorder, see Fig. 2 (e) . After a pumping cycle, the correlation Γ max is still close to 2 and it means that the final state is almost a Fock state |ψ FOCK = |9, 9 [ Fig. 2 (h) ]. The results with normally distributed disorder are similar and we plot the density n j , COM shift ∆P/d, and two-particle correlation Γ max in Fig. 2 (c We set µ = 0 for the normally distributed disorder. The parameters and the initial state are the same as the corresponding ones in Fig. 2 . Each point is the average of 100 data sets and the error bar shows the standard deviation.
To explore how the uniformly and normally distributed disorder affect the topological transport, we numerically calculate the fidelity F = | ψ FOCK |ψ(T p ) | as a function of the disorder amplitude η and standard variance σ by averaging a disordered ensemble of 100 samples, see Fig. 3 (a) and (b), respectively. Here, |ψ(T p ) is the state after a pumping cycle. The fidelity increases from F = 0 to F ≈ 1 with η and σ. A wide plateau at F ≈ 1 appears for (η, σ) ≥ 2J, where the disorder amplitude is large enough to suppress the high-order resonant tunneling. Moreover, the standard variance of the fidelity decreases with η and σ. It tends to be stable for uniformly distributed disorder when η ≥ 2J and reaches a minimum around σ = 3J for normally distributed disorder. The quantized COM shift ∆P/d is robust against disorder amplitude up to (η, σ) = 4J as shown in Fig. 3 (c) and (d) . The variation of standard variance for the COM shift is similar to that of the fidelity. The interplay between on-site disorder and the adiabatic pumping enables robust transport of Fock states with few particles in a site. In this section, we focus on the two-particle HOM interference and the spatial entanglement distribution via topological Thouless pumping. We separate the time evolution of the system into three stages, i.e., Fock state pumping (0 ≤ t ≤ nT p ), HOM interference (nT p < t ≤ nT p + τ ), and spatial entanglement distribution (nT p + τ ≤ t ≤ 2nT p + τ ). For simplicity, Fig. 4 shows schematic diagram of the pumping and interference processes for n = 1. As illustrated in Sec. III, we introduce on-site disorder to suppress the wave-packet dispersion during the pumping. To perform fast and efficient state pumping, HOM interference, and entanglement distribution, we change the phase φ(t) with evolution time according to the instantaneous energy gap, i.e., φ(t) = ǫ t 0 G(t)dt + φ 0 . Here, since there is no interaction, G(t) is the energy gap in the single-particle case. The corresponding pumping period T P satisfies ǫ TP 0 G(t)dt = 2π. Without loss of generality, we begin the evolution at t = 0 with φ 0 = 0. The two identical bosonic particles respectively localize in (2l − 3)th and (2l + 2)th sites, i.e., the initial state is |2l − 3, 2l + 2 . At time t = 0 the particle localized in (2l − 3)th site uniformly fills the upper band (ν 2 = +1) and the other one uniformly fills the lower band (ν 1 = −1). Then, we adiabatically tune the phase φ(t) in a nonlinear way and the two particles will move towards each other. After a pumping cycle at t = T p , the two particles are in the nearest neighboring sites, (2l − 1)th and 2lth sites, i.e. |2l − 1, 2l . The on-site energy offset becomes the largest again [ Fig. 4 (a) ].
IV. HONG-OU-MANDEL INTERFERENCE AND TOPOLOGICAL SPATIAL ENTANGLEMENT DISTRIBUTION
At t = T p , we suddenly quench the system by changing the phase φ 0 from 0 to π/2 and the on-site energy offset is vanished [ Fig. 4 (b) ]. Then, we adiabatically tune the phase φ(t) according to the instantaneous energy gap again. After a duration time t = τ which satisfies ǫ τ 0 G(t)dt = π/2, the state evolves into a two-particle NOON state (|2l − 1, 2l − 1 − |2l, 2l )/ √ 2, see Fig. 4 (b) . The spatial NOON state is a maximally entangled state between the neighbor sites in a cell, due to the well-known HOM interference of two bosonic particle. The quantum quench is critical to generate the NOON state and we will discuss in detail latter. Then we adiabatical sweeping the phase φ(t) again according to the instantaneous energy gap. We can distribute the entanglement between spatially separated sites via topological Thouless pumping. After another pumping cycle, the final state at t = τ +2T p is given as |2l − 3, 2l − 3 − |2l + 2, 2l + 2 / √ 2, and the two-particle entanglement is separated by two unit cell [ Fig. 4 (c) ].
We now turn to discussion the HOM interference in detail. To understand the process better we begin with a single particle at (2l − 1)th site. After the quantum quench (∆ = 0, φ 0 = π/2), the state |2l − 1 can be decomposed as the superposition of a symmetric and antisymmetric single-particle state, |2l − 1 = 1
The symmetric (antisymmetric) single-particle state fills the lower (upper) band [11] . After a duration time t = τ , the symmetric and antisymmetric states are respectively transferred to |2l − 1 and |2l . The pumping realizes a balanced beam splitter according to the transformation |2l − 1 → 1 √ 2 (e iϕ− |2l − 1 + e iϕ+ |2l ), and |2l → 1 √ 2 (e iϕ− |2l − 1 − e iϕ+ |2l ). Here, ϕ ± are the dynamical phases for the upper and lower bands respectively. As a result, the two identical particles in the state |2l − 1, 2l will evolves to 1 √ 2 (|2l − 1, 2l − 1 − e i2(ϕ+−ϕ−) |2l, 2l ). The dynamical phases accumulated in the process do not affect the performance of the HOM interference. The HOM interference results from both the sudden quench and the topological pumping. The sudden quench splits the initial statse as the equal superposition of symmetric and antisymmetric states which play the role of two interference pathes. Without quantum quench, the two particles will always fill the lower and upper band respectively. The final state is still |2l − 1, 2l after sweeping the phase φ(t) from π/2 to π adiabatically. While the topological pumping due to the band topology plays the role of dynamical beamsplitter. In contrast to the conventional beamsplitter where the Hamiltonian is static, we do not need to precisely control the duration time to realize HOM interference. It is worth noting that there is a topological resonant tunneling for interacting bosons with suitable interaction strength and the HOM will disappear [15] .
To characterize the path entanglement of the generated NOON state, we calculate the 'NOONity' (N ity) [22] N ity = q,r
This quantity will be larger if the state is more similar to the NOON state. N ity = 2 for an ideal NOON state and N ity = −2 for |2l − 1, 2l . At the end of HOM interference, we respectively calculate the N ity as a function of the disorder amplitude η [ Fig. 5 (a) ] and standard variance σ with µ = 0 [ Fig. 5 (b) ]. Here we only consider the HOM interference process and begin at t = T p with the input state |9, 10 . For each point, the values are averaged over an ensemble of 100 samples. Although an ideal HOM interference requires quenching to the lattices with vanished on-site energy offset, the on-site disorder has a tiny effect on the formation of NOON state. The N ity decreases slowly with disorder amplitude η and the final N ity ≈ 1.8 when η = J. The state is still a highly spatially entangled state with uniformly distributed disorder. In contrast, the N ity decreases more rapidly and it decrease to N ity ≈ 1.4 when σ = 1 in the present of normally distributed disorder. Moreover, the standard deviation of the N ity also increases more rapidly than that with uniformly distributed disorder. The HOM interference is not only robust against disorder, but also less sensitive to the duration time of the interference. In Fig. 5 (c),(d), we also calculate N ity as a function of evolution time t during HOM interference with disorder amplitude η = 0.5J and µ = 0, σ = 4J respectively. The N ity = −2 for the input state |9, 10 and then it increases close to 2 at t = τ + T p . Indeed we generate a NOON state by the HOM interference. There is oscillation of N ity in the first half duration and it is negligible at the end of the interference. As illustrated in Fig. 5 (c),(d) , there is no need to precisely control the interference time and a wide plateau at N ity ≈ 2 appear for t − T p ≥ τ /2.
In Fig. 6 (a) , we plot the density distribution n j (top), the COM shift ∆P/d (middle), and the twoparticle N ity (bottom) as functions of evolution time t during the entire process. We only consider the uniformly distributed disorder and set the disordered amplitude η = 0.5J during the whole evolution. The input state is an unentangled state, |7, 12 , which uniformly fills both of the two bands. The parameters are set as We plot the density distribution nj (top), the COM shift ∆P/d (middle), and the two-particle N ity (bottom) as function of evolution time. (b) Two-particle correlation Γq,r at certain evolution times. The disorder amplitude η = 0.5J. The two-particle initial state is |7, 12 and the parameters are the same as those in Fig. 5 The results are averaged over 100 samples of uniformly distributed on-site disorder. 2L = 18, ∆ 0 = 20J, δ 0 = J, ǫ = 0.03J. The density distribution of the input state and the final state are almost the same despite their huge difference in entanglement feature. At initial time t = 0, the two identical particles fill lower (ν 1 = −1) and upper (ν 2 = +1) bands, respectively. Since the topological invariants for the upper and lower bands are opposite, there is no COM shift during the pumping process in the first stage. After the second stage, the state becomes entangled NOON state, which has the equal probability filling both lower and upper bands. In conclusion there is no COM transport during the whole pumping process [middle row of Fig. 6 (a) ]. For the input state |7, 12 the N ity = −2 and it always close to −2 in the stage of Fock state pumping. Then it increase dramatically to N ity ≈ 2 in the stage of HOM interference. At last, we realize the spatial entanglement distribution between the 7th and 12th sites via Thouless pumping. The entanglement is well preserved and the final N ity is still close to 2. The peaks and dips of N ity in the evolution appear around the time when the particles tunnel from one site to the other [bottom row of Fig. 6 (a) ]. We also plot the two-particle correlation Γ q,r at several typical evolution time at 0, T p , T p + τ , and 2T p + τ , see Fig. 6 (b). The correlation function changes from uncorrelated anti-bunching to correlated bunching patterns, consistent with the Nity evolution in Fig. 6 (a) .
V. SUMMARY AND DISCUSSION
In summary, we have demonstrated that unidirectional quantum transport, spatial entanglement generation, and spatial entanglement distribution via topological Thouless pumping in disordered bulk channels. The onsite disorders suppress the high-order resonant tunneling which causes wave-packet dispersion, and support dispersionless Thouless pumping. As an adiabatic proposal, our spatial entanglement generation is not sensitive to the time duration of the interference. The quantized, unidirectional, and dispersionless quantum transport and topological spatial entanglement distribution have wide potential applications in quantum information process and quantum metrology. We also note that there has been great interests in exploring the interplay of disorder, topology, and quantum transport, such as the topological Anderson insulator [34] [35] [36] . Hence, it would be interesting to study topological quantum pumping in the topological Anderson insulator. Moreover, our protocols are applicable for other topological models such as the Aubry-André-Harper (AAH) model [37, 38] .
Lastly, we briefly discuss the experimental feasibility. The Thouless pumping of noninteracting ultracold atoms in an optical superlattice has recently been demonstrated in experiments [11, 12] . The controllable on-site disorder can be easily introduced by an additional incommensurate lattice [39] [40] [41] or optical speckle [42] . Photonic lattices is another potential platform for testing our protocols. It has been proposed that photonic waveguide could mimic AAH model and achieve adiabatic pumping [1] . In those photonic waveguides, disorder can be readily introduced by the state-of-art laser-written technique [36] . Generation of NOON state in photonic waveguide systems may find wide applications in quantum communication and quantum information process.
